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PARTIAL COLLAPSING AND THE SPECTRUM OF THE 
HODGE-DE RHAM OPERATOR 

COLETTE ANNE AND JUNYA TAKAHASHI 



^^ , Abstract. The goal of the present paper is to calculate the limit spectrum of 



the Hodge-de Rham operator under the perturbation of collapsing one part of a 
manifold obtained by gluing together two manifolds with the same boundary. It 
appears to take place in the general problem of blowing-up conical singularities as 
introduced in Mazzeo |Ma06) and Rowlett |Ro06[ iRoOS) . 



Resume. Nous calculous la limite du spectre de I'operateur de Hodge-de Rham sur 
les formes differentielles dans le cas d'effondrement d'une partie d'une variete. Ce 
calcule generalise le travail precedent sur les sommes connexes puisque la sphere 
qui sert de joint entre la partie stable et celle effondree est remplacee par una 
,J^ ■ sous- variete quelconque. Ce resultat apporte un nouvel eclairage aux questions de 

j^ , blowing up conical singularities introduites par Mazzeo |Ma06] et Rowlett |Ro06[ 

[R0O8] . 



>: 

■^ ■ 1. Introduction. 

^ ■ This work takes place in the general context of the spectral studies of singular 

perturbations of the metrics, as a manner to know what are the topological or met- 

O ■ rical meanings carried by the spectrum of geometric operators. We can mention in 

this direction, without exhaustivity, studies on the adiabatic limits ( |MM90j . |Ru00] ). 
on collapsing ( |F87] . |Lo02at ILo02b] ). on resolution blowups of conical singularities 

X : ( [Mi06] , jRoOGl IR0O8] ) and on shrinking handles ( (XC95l IACP09J ) . 

d \ The present study can be concidered as a generalization of the results of |AT09] . 

where we studied the limit of the spectrum of the Hodge-de Rham (or the Hodge- 
Laplace) operator under collapsing of one part of a connected sum. 

In our previous work, we restricted the submanifold S, used to glue the two parts, 
to be a sphere. In fact, this problem is quite related to resolution blowups of conical 
singularities: the point is to measure the influence of the topology of the part which 
disappears and of the conical singularity created at the limit of the 'big part'. If 
we look at the situation from the 'small part', we understand the importance of the 
quasi- asymptotically conical space obtained from rescalling the small part and gluing 
an infinite cone, see the definition in ([1]). 
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Figure 1 . partial collapsing of M^ 



When S = §"■, the conical singularity is quite simple, and there are no semi- 
hounded states, called extended solutions in the sequel, on the quasi-asymptotically 
conical space, our result presented here takes care of this new possibilities and 
gives a general answer to the problem studied by Mazzeo and Rowlett. Indeed, in 
|Ma06t IRoOGtlRoOSj . it is suppposed that the spectrum of the operator on the quasi- 
asymptotically conical space does not meat 0. Our study relaxes this hypothesis. It 
is done only with the Hodge-de Rham operator, but can easily be generalized. 

Let us fix some notations. 

1.1. Set up. Let Mi and M2 be two connected manifolds with the same boundary 
S, a compact manifold of dimension n>2. We denote hy m = n + 1 the dimension 
of Ml and M2. 

We endow S with a fixed metric h. 

Let Ml be the manifold with conical singularity obtained from Mi by gluing Mi 
to a cone C = [0, 1) x S 9 (r, y): there exists on Mi = Mi U C a metric gi which 
writes, on the smooth part r > of the cone as dr"^ + r'^h. 

We choose on M2 a metric g2 which is 'trumpet like', i.e. M2 is isomorphic near 
the boundary to [0, |) x S with the conical metric which writes ds"^ + (1 — s)^/i, if s 
is the coordinate defining the boundary by s = 0. 

For any e, < e < 1, we define 

Ce = {{r,y) eC\r> e} and Mi{e) = Mi U C^. 

The goal of the following calculus is to determine the limit spectrum of the Hodge-de 
Rham operator acting on the differential forms of the Riemannian manifold 

M, = Mi(£)U,.s£.M2 

obtained by gluing together (Mi(e), ^fi) and (M2, e'^g2)- We remark that, by construc- 
tion, these two manifolds have isometric boundary and that the metric g^ obtained 
on Mg is smooth. 

Remark 1. The common boundary S of dimension n has some topological obstruc- 
tions. In fact, since S is the boundary of oriented compact manifold Mi, S is 
oriented cobordant to zero. So, by Thom's cobordism theory, all the Stief el- Whitney 
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and all the Pontrjagin numbers vanish (of. C. T. C. Wall |Wa60j or |MS74j . §18, 
p.217). Futhermore, this condition is also sufficient, that is, the inverse does hold. 
Especially, it is impossible to take S^'^ as the complex projective spaces CP^ ,{k> 1), 
because the Pontrjagin number pk{C¥''^ ) 7^ 0. 



1.2. Results. We can describe the limit spectrum as follows: it has two parts. 
One comes from the big part, namely Mi, and is exprimed by the spectrum of 
a good extension of the Hodge-de Rham operator on this manifold with conical 
singularities. This extension is self-adjoint and comes from an extension of the 
Gaufi-Bonnet operators. All these extensions are classified by subspaces W of the 
total eigenspace corresponding to eigenvalues within (— |, |) of an operator A acting 
on the boundary S, this point is developed below in Section 12.21 The other part 
comes from the collapsing part, namely M2, where the limit GauB-Bonnet operator 
is taken with boundary conditions of the Atiyah-Patodi-Singer type. This point is 
developed below in Section 12.31 This operator, denoted V2 in the sequel, can also 
be seen on the quasi-asymptotically conical space M2 already mentionned, namely 



M2 = M2U ([1,00) X S 



:i^ 



with the metric dr"^ + r'^h on the conical part. Only the eigenvalue zero is concerned 
with this part. The notion of extended solutions was introduced by Carron |Ca01a] . 
these are solution of -D2(v^) = with certain growth at infinity. The details are given 
in section 12.31 below. 

In fact, the manifolds M^ has small eigenvalues, in the difference with [ AT09J . and 
the multiplicity of at the limit corresponds to the total eigenspace of these small, 
or null eigenvalues. Thus, our main theorem, which asserts the convergence of the 
spectrum, has two components. 

Theorem A. // the limit value A 7^ 0, then it belongs to the positive spectrum of 
the Hodge-de Rham operator Ai vi/ on Mi, with 

W^ C Ker(A - 7) 

l7l<| 

is the space of the elements that generate extended solutions on M2. A precise defi- 
nition is given below in ^. 

Theorem B. The multiplicity of in the limit spectrum is given by the sum 

dim Ker Ai^vK + dim Ker 1^2 -\- ii, 
where i\ denotes the dimension of the vector space Xi , see (|9]), of extented solutions 
u on M2 admitting on restriction to r = 1 a non-trivial component in Ker (A — i). 

1.3. Comments. We choose a simple metric to make explicit computations. This 
fact is not a restriction, as already explained in |AT09] , because of the result of Dodz- 
iuk |D82] which assures uniform control of the eigenvalues of geometric operators 
with regard to variations of the metric. 

Examples are given in the last section of the present paper. 
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2. Gauss-Bonnet operator. 

On a Riemannian manifold, the Gaufi-Bonnet operator is defined as the operator 
D = d + d* acting on differential forms. It is symmetric and can have some closed 
extensions on manifolds with boundary or with conical singularities. We review 
these extensions in the cases involved in our study. 

2.1. Gaufi-Bonnet operator on M^. We recall that, on M^, a GauB-Bonnet op- 
erator D^, Sobolev spaces and also a Hodge-de Rham operator A^ can be defined 
as a general construction on any manifold X = Xi U X2, which is the union of two 
Riemannian manifolds with isometric boundaries (the details are given in |AC95] ): 
if Di and D2 are the Gaufi-Bonnet "ci+fi*" operators acting on the differential forms 
of each part, the quadratric form 



q{ip)= I \D^{ip\xXdf,x,+ / \D2iv\x,) 

Xi J X2 



d/x 



X2 



(2) Idefq 



is well-defined and closed on the domain 

V{q) = {^ = (<^i,(^2) G H\AT*X^) X H\AT*X2) 



^1 \dXi- ^2 IdXi} 



and on this space the total Gaufi-Bonnet operator D{ip) = {Di{{pi), D2{ip2)) is 
defined and self-adjoint. For this definition, we have, in particular, to identify 
(AT*Xi) \qxi and (AT*X2) \qx2 ■ This can be done by decomposing the forms 
in tangential and normal part (with inner normal), the equality above means then 
that the tangential parts are equal and the normal part opposite. This definition 
generalizes the definition in the smooth case. 

The Hodge-de Rham operator {d + d*)"^ of X is then defined as the operator 
obtained by the polarization of the quadratic form q. This gives compatibility 
conditions between (pi and (^2 on the commun boundary. We do not give details on 
these facts, because our manifold is smooth. But we shall use this presentation for 
the quadratic form. 

2.2. Gaufi-Bonnet operator on Mi. Let -Di,min be the closure of the Gaufi-Bonnet 
operator defined on the smooth forms with compact support in the smooth part 
Mi(0). For any such form ipi, we write on the cone 

and define cxi = (/3i,ai) = U{ipi). The operator has, on the cone C, the expression 



UDiU* 







{dr + 



A] with A 



-Do 



-Do 

2. 



where P is the operator of degree which multiplies by p per a p-form, and Dq 
is the Gaufi-Bonnet operator on the manifold (S, h). 

While the Hodge-de Rham operator has, in these coordinates, the expression 

-d^^ + ^A{A + l). 



dQ-\-dn 



UAiU* 



(3) laplace 
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The closed extensions of the operator Di = d + d* on the manifold with conical 
singularities Mi has been studied in |BS88] and |Le97] . They are classified by the 
spectrum of its Mellin symbol, which is here the operator with parameter A + z. 



Spectrum of A. — The spectrum of A was calculated in Briining and Seeley |BS88] . 
p. 703. By their result, the spectrum of A is given by the values 



Mp 



±i± 



with multiplicity dimifP(S) and 



/i^+( 



n— 1 
2 



P 



(4) IvpA 



where p is any integer, < p < n and fi"^ runs over the spectrum of the Hodge-de 
Rham operator on (S, h) acting on the coexact p-forms. 

Indeed, looking at the Gaufi-Bonnet operator acting on even forms, they identify 
even forms on the cone with the sections {(po, . . . , ipn) of the total bundle T*(S) by 
ifo + ifi A dr + ip2 + <P3 ^ dr + ... . These sections can as well represent odd forms on 
the cone hj ipo A dr + ipi + ip2 A dr + (p^ + . . . . With these identifications, they have 
to study the spectrum of the following operator acting on sections of AT*(E) 



/Co 


d*o 
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do 


Cn J 



if Cp = {—iy~^^{p — |). With the same identification, if we introduce the operator 5*0 
having the same formula but with on the diagonal the terms Cp = (— l)P(p— |) 
the operator A can be written as 



-c, 



■pj 



A = -(So®So 

The expression of the spectrum of A is then a direct consequence of the computations 
of jBSgg] . 

Closed extensions of Di. — If spec(A) fl (— |, |) = 0, then -Di^max = -Di,min- In 
particular, Di is essentially self-adjoint on the space of smooth forms with compact 
support away from the conical singularities. 

Otherwise, the quotient Dom(Di jnax)/Doni(Di mm) is isomorphic to 

S:= Ker(A-7). 

l7l<| 

More precisely, by Lemma 3.2 of |BS88] . there exists a surjective linear map 

C : Dom(Di,„iax) -^ B 
with Ker£ = Dom(Z}i^min)- Furthermore, we have the estimate 

||n(t)-r^£(v9)||i2(2)<C(<^)|tlogt| 
for ip e Dom(Di^max) and u = U{{p). 



GBaps 



6 COLETTE ANNE AND JUNYA TAKAHASHI 

Now, for any subspace W C B, we can associate the operator Di^ with the 
domain Dom.{Di^w) '■= C^^{W). As a result of |BS88j . all closed extensions of -Di,min 
are obtained by this way. Remark that each Di^w defines a self-adjoint extension 
^i,w = (-Di,vf)* ° Di]y of the Hodge-de Rham operator, and, as a result, we have 
{Di^wY = ^i,i(H/-L), where 

This extension is associated to the quadratic form ip i— )■ ||Dc/9||^2 with the domain 

Finally, we recall the results of Lesch |Le97j . The operators Di^w, and in particular 
Di^min and -Di max, are elliptic and satisfy the singular estimate (SE), see page 54 of 
|Le97] . so by Proposition 1.4.6 and the compactness of Mi, they satisfy the Rellich 
property: the inclusion of Dom[Di^w) into L'^{Mi,'gi) is compact. 

2.3. Gaufi-Bonnet operator on M2. We know, by the works of Carron [CaOla^ 
ICaOlbj . following Attiyah-Patodi-Singer |APS75j . that the operator D2 admits a 
closed extension P2 with the domain defined by the global boundary condition 

n<i of/ = 0, 

if 11/ is the spectral projector of A relative to the interval J, and < 1/2 denotes 
the interval (—00, 1/2]. Moreover, this extension is elliptic in the sense that the H^- 
norm of elements of the domain is controlled by the norm of the graph. Indeed this 
boundary condition is related to a problem on a complete unbounded manifold as 
follows: 

Let M2 denote the large manifold obtained from M2 by gluing a conical cylinder 
Ci,oo = [I5 00) X S with metric dr"^ + r'^h and D2 its GauB-Bonnet operator. A 
differential form on M2 admits a harmonic L^ extension on M2 precisely, when the 
restriction on the boundary satisfies n<i oJJ = 0. 

Indeed, from the harmonicity, these L^-forms must satisfy {dr + -A)a = or, if 
we decompose the form associated with the eigenspaces oi A as a = X]76Spcc(A) '^^^ 
then the equation imposes that for all 7 G Spec(74) there exists a^ G Ker(A — 7) 
such that a'^ = t~'''(Tq. This expression is in L^(Ci_oo) if and only if 7 > | or aj = 0. 

It will be convenient to introduce the hamonic L^ extension operator 



P2: U^i(h^/\J:)) -^ L\AT*Ci 






^ P2{cr) = U*( J2 ^""^0- ^^) 



a= 2_^ a^ ^ i^2(a) = (y*( > r~'a^]. (5) P2 



7eSpec(A) 7eSpec(A) 

7>| 7>| 



This limit problem is of the category non-parabolic at infinity in the terminology 
of Carron, see particularly Theorem 2.2 of [CaOla] and Proposition 5.1 of |Ca01b] . 
then as a consequence of Theorem 0.4 of |Ca01aj . we know that the kernel of T>2 is 
of finite dimension and that the graph norm of the operator controls the if ^-norm 
(Theorem 2.1 of |Ca01aj l 
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D2 



extend 



Proposition 2. There exists a constant C > such that for each differential form 
(f G H^{AT*M2) satisfying the boundary condition n<i o U{ip) = 0, then 



\\v\\m(M2) ^ C* I II V? II ^2(^/2) + ||-D2V?||l2(^^2) 

As a consequence, the kernel of V2, which is isomorphic to Ker D2, is of finite 
dimension and can be sent in the total space Ylp-^^i^'i) of the absolute cohomology. 

A proof of this proposition can be obtained by the same way as Proposition 5 in 
1^09]. 

Extended solutions. — Recall that Carron defined, for this type of operators, be- 
hind the L^ solutions of D2{f) = which correspond to the solutions of the elliptic 
operator of Proposition [2l extended solutions which are included in the bigger space 
W which is defined as the closure of the space of smooth p-forms with compact 
support Qq{M2) for the norm 

MW ■= ll^lli2(A/2) + 11^2^11^2(^2)- 

A Hardy-type inequality describes the growth at infinity of an extended solution. 
Lemma 3. For a function v G C^{e, 00) and a real number X, we have 



zf X 



1 

2' 



|r logr|2 1og(logr^ 



■ dr < 



r\dr{r 2'y)p(ir. 



We remark now that, for ^p G i7o(M2) with support in the infinite cone Ce^oo, we 
can write 



P2<^"' 



L2(M2) 



AGSpec(A) 

E 

AeSpec(A) 



\{dr + -)ax^ 



L2(E) 



dr 



^\\dr{r^^x)\\l2t^j:)dr. 



Thus, by application of Lemma |3l we see that a solution of D2, which must be 
(7x{r) = r^^cxxll) on the infinite cone, satisfies the condition of Lemma [3] if and only 
if 

VA<-J, aA(l) = 0. 



Indeed, for A 



if f = r 2 t>Q for r large then the integral 



|rlogrP log(logr' 
1 



dr 



is convergent, and for A 7^ — |, if w = r ^vq, the requirement that -v is in L^ imposes 

/ r 

that f = if A < -|. 

While the L^ solutions correspond to the condition crA(l) = for any A < |. As a 
consequence, the extended solutions which are not L^ correspond to boundary terms 
with conponents in the total eigenspace related with eigenvalues of A in the interval 
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[— |, |]. In the case studied in |AT09j . there do not exist such eigenvalues and we 
had not to take care of extended solutions. 

More precisely, we must introduce the operator (see 2. a in |Ca01b] ) 

T:if'=+^(S)^iJ*=-^(S) (6) 

a^UoD2{S{a))h, 

where £{(y) is the solution of the Poisson problem 

{D2f{S{a)) = on Ms and U o S{a) [2= (r on SMs. 
In the same way one can define 

Tc : H''+^^) -^ H^--2(j:) (7) \jC_ 

where £{ct) is the solution of the Poisson problem 

{D2f{S{a)) = on Ci,oo and U o S{a) t= (r on S. 

Then ImT^ = Imn>i/2 is a subspace of KerT^ = Imn>_i/2- Carron proved that this 
operator is continuous for fc > 0. The L^ solutions correspond to boundary values 
in Im(T) fl Im(n^i), while extended solutions correspond to the space Ker(T) fl 
Im(n>_i). Carron proved also that in the compact case, Ker(T) = Im(T). We can 
now define the space W entering in theorem |A] : 

W = ©|^|<i/2M^7 (8) IdefW 

where W^ = {(p e Ker(A - 7); Brj e Im(n>^), T{ip + r]) = 0}. 

Let us denote by 

Xi := ('Ker(T)n Im(n> !))/(' Ker(T)nIm(n>i)) (9) |ll/2 

the space of extented solutions with non-trivial component on Ker(y4 — |). 

Proof of Lemma\^ Let v G C^(e, 00), with one integration by parts and application 
of the Cauchy-Schwarz inequality, we obtain, for A 7^ —| 

00 ^2 f^ I /"°° f — 1 I 



e 

2 V 



(2A + l)r2^+i j ' ' ' ' y, (2A + 1) r 



2{r^v)dr{r^v) dr = — ■ r'^dr{r^v) dr 



2 f^v 



°o ,,2 



< |2A + 1| \/X ^"^""^11 r~^9rir>^< 
which gives directly the first result of the lemma. 



dr. 
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The second one is obtained in the same way: 
,2 /-^ ^ t; \2 1 



V 



J.2 iQg J. 



dr= ^^ 



r / r log r 



dr= I f^Va/ ^ 



<2, 



=a I —^ 1 (ir 



log r ^/r \ a/t 



r / \ log r 

°° 2t; 



r logr 



■ y/rdr 



oo ^2 



"2 los; ' 



■ dr ■ 



y/rdr 



dr. 



dr 



dr 



D 



3. Notations and tools. 

As in |ACP09] . we use, to write the forms of M^ the following change of variables : 
let q^ be the quadratic form defined on M^ by the formula (|2]), a form (p G V^qs), 
defines 

fi ■= fe \mi{s) and If 2 := e'^'^ips \m2 ■ 

We write on the conical part of Mi (e) 

ip^ = drA r-(t-P+i)/3^ + r-^t-p)^^ 

and define ai = {(3i,ai) = U{ipi). This formula defines an isometry U. 

On M2, it is more convenient to define r = 1 — s for s G [0, 1/2] representing the 
distance to the boundary. We write Lp2 = (rfr Ar~(t~P+i)/32^£ + ^~^^~^^Q;2,e) near the 
boundary. Then we can define, for r G [|, 1] (the boundary of M2 corresponds to 
r = 1) 

a2(r) = (/32(r),«2(r)) = t/(</^2)(r). 
The L^-norm, for a form supported on Mi in the cone C^^i, has the expression 



IV^IlL2(Me) 



'^ - |(Tip(i/igi+ / |v?2pO?M 



Ml 



Af2 



92 



and the quadratic form on our study is 



Qi^) 



M. 



\{d + d*)ip\l^dfXg^ 
\UD,U*iai)\^di^g, + -J / \D2iip2)\^ di^g,. 



(10) quadform 



'Ml{£) ^ JM2 

The compatibility condition is, for the quadratic form, e^ai^e) = 02(1) and 62 f3i{e) = 
/32(1), or 

0-2(1) = £:2cri(e). (11) IrecolO 



The compatibility condition for the Hodge-de Rham operator, of first order, is ob- 
tained by expressing that Dip ~ {UDiU*ai, -UD2U*a2) belongs to the domain of 
D. In terms of a, it gives 



^2(1; 



e2a^[e). 



(12) I recoil 
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3.1. Expression of the quadratic form. For any if such that the componant ipi 
is supported in the cone Ce,i, one has, with ai = U{ipi) and by the same calculus as 
in [ACP09J : 



/ \DM^d^ig^ = / {dr + -A^ai 



dr 



L2(E) 



2 1 



dr. 



3.2. Limit problem. As Hilbert space, we introduce 

with the space I1/2 defined in (Q, and as limit operator 

with W defined in (jH]). Let us denote by Xn {N > 1) its spectrum and also let us 
AAr(e) (A^ > 1) be the total spectrum of the Hodge-de Rham operator on M^. 

Finally, let us define 

• a cut-off' function ^1 on Mi around the conical singularity: 



(13) limitpb 



ei(r) 



1 ifO<r<|, 



^0 if 1 < r 

the prolongation operator 



(14) I coupure 



-e,ly 



(15) Peps 



u* 



E 



^7 2r ■^cr. 



7eSpec(^) 
7>-4 



7eSpec(yl) 

7>-f 



We remark that, if a G n^_i ( if 2(S) j is the restriction of some ip2 ^ H^(AT*M2), 
then (^iPi;{U{'ijJ2 ts)), i'2) defines an element of H^{Mi,). 

Moreover, for a G II^i ( iJa (S) j the element -Pe(o") is the transplanted on Mi of 
P2(c) (see 2.3), then there exists a constant C > such that 

VaGn>.(if^(S)^ 



\PAa) 



li"(C..i) 



l^2(a)|li.(c,,/,)=<C7||^>.a2(l)ll^^^^. (16) 



contL2 



4. Proof of the spectral convergence. 

We denote by \k{e),k > 1 the spectrum of the total Hodge-Laplace operator of 
Mg and by Afc, k > 1 the spectrum of the limit operator defined in the section [3l2l 



upper 
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4.1. Upper bound : lim sup Aat (e) < A^v- With the min-max formula, which says 
that 

Xn{£) = inf I sup / \Deip\'^dfigA, 

diraE=N \\^\\ = i '"^ 

we have to describe how transplanting eigenforms of the limit problem on M^. 

We describe this transplantation term by term. For the first term, we use the 
same ideas as in |ACP09j . 

For an eigenform ip of Ai^w corresponding to the eigenvalue A, U{ip) can be 
decomposed on an orthonormal base a^ of eigenforms of A and each component 
can be expressed by the Bessel functions. For 7 G (—1/2,1/2) it has the form 
cr'^'^'^ F [Xr'^) + dr~'^G{Xr'^) for F, G entire functions satisfying -F(O) = G{0) = 1 and 
c, d constants. 

We remark that cr"'+^ F (Xr"^) G Dom{Di^^in) and also that dr'^ ('^(Ar^) -G(0)] G 
Dom(Di^mm)5 SO we can write ip = ipQ + 1^ with 

V?o e Dom(Di,min) and 



U{^){r) = Ur) Yl K^"X)- 



76Spec(A) 
l7l<| 

By the definition of -Di,min, fo can be approached, with the operator norm, by a 
sequence of smooth forms v^o,^ with compact support in Mi(e). 

By definition of W we know that >, d^a^ G W ^ there exist (^2,7 ^ Ker D2 

7eSpec(A) 

h\<h 
such that f/(y92,7(l) —d^a^ G Im(n>^). We remark finally that, by the definition (IT5|) . 

can write U{^){r) = ^i(r) ^ e^/^-''P,{d^a^). 

7eSpec{A) 
l7l<i 

Let ip2,e = E|7i<i/2^^^^~^<^2,7 and 



we 



'l7l<l/2 



{V0,s + ^lPe{ Yl £'^'-^U^2,,a)),V2,e)eH\M, 



7eSpec(A) 



It is a good transplantation: ||v52,£|| — )■ as the term added on Mi (indeed, a term 
of the sum ^iPe{e^^'^~'^ (17(^2, -yi^) — d^a^^) corresponds to some 7' > 7, if 7' > 1/2, by 
(dED, it is 0(^1/2-7)^ if y < 1/2 it is 0{e<'-^) and iff = 1/2 it is 0{e'^''^-^ ^\\oge\)). 
Moreover they are harmonic, up to ^i. 

For the two last ones, we shrink the infinite cone on Mi and cut with the function 
^1, already defined in f lT^ . 

Finally, if Ker(yl — |) is not empty, for each aa g Ker(y4 — |) such that there 
exists %l)2 with D2{ip2) = on M2 and which boundary value gives (through U) a 2 
modulo Imll^i, one can construct a pseudomode as follows: 



^|J, ■.= \\oger-2(^i.{r-W*{a"^) + Pe{U{^2) h -^^)), ^2) (17) [U2 
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The L^ norm of this element is uniformly bounded from above and below, and 

Moreover, it satisfies qiipe) = 0{\ logej^^) giving then a 'small eigenvalue', as well 
as the elements of Ker D2 and of Ker A^r. 

[nb. It is remarquable that the same construction, for an extended solution with 
corresponding boundary value in Ker(y4 — 7), 7 G (— |, ^) does not give a quasimode: 
indeed if ip2 is such a solution, the transplated element will be, 

for which q{ips) does not converge to as £.] 

To conclude the estimate of upper bounds, we have only to verify that this trans- 
planted forms have a Rayleigh-Ritz quotient comparable to the initial one and that 
the orthogonality is fast concerved by transplantation. 

4.2. Lower bound : liminf AAr(£:) > X^. We first proceed for one indice. We 
know, by the paragraph 14. ![ that for each A^, the family {XN{£)}e>o is bounded, set 

A := liminf AAr(e). 
There exists a sequence Sm^m G N such that lim \N{Sm) = A. Let, for each m, y?^ 

rr ' " 

be a normed eigenform relative to A^ = AAr(e^ 



m,— >oo 



4.2. L On the regular part o/Mi. 
10 Lemma 4. For our given family ipm the family {(1 — C,i)-^Pi,m}mm is bounded in 

Then it remains to study S,i-^i,m which can be expressed with the polar coordi- 
nates. We remark that the quadratic form of these forms is uniformly bounded. 

4.2.2. Estimates of the boundary term. The expression of the quadratic form can 
be decomposed with respect to the eigenspaces of A] in the following calculus, we 
suppose that cri(l) = 0: 

f^\ 2 1 1 

j [ lkilli2(E) + -K, ^cri)i2(s) + -^WAaiWl^^j,) J dr 

/I -1 -1 

II^iIIl2{E) + dr\-{cri, Acri)i2(2)j + — |(cri, ^cri)L2(S) + ll^i^l IIl2(s: 

= / lkillL2{s) + — (^i> (^ + ^^)^i)l2(e) dr --{ai{e),Aai{e))L^^). 

J £ ' J fc 

This shows that the quadratic form controls the boundary term, if the operator A 
is negative but {A + A"^) is non-negative. The latter condition is satisfied exactly 
on the orthogonal complement of the spectral space corresponding to the interval 
(—1,0). By applying ^i.v^i^m to this fact, we obtain the following lemma: 



dr 
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1 11 1 Lemma 5. Let n<_i be the spectral projection of the operator A relative to the 
interval (— oo, —1]. There exists a constant C > such that, for any ?7i G N 



12 



13 



in 



<-i 



f^(V^l,m(^m))||Hi/2(s) < C^/e'r 



In view of Proposition |2l we want also a control of the components of ai associated 
with the eigenvalues of A in (—1, 1/2]. The number of these components is finite 
and we can work term by term. So we write, on C^^^i, 

cri(r) = 2, cn'^l'") with A(7i'^{r) = 'j(7i"'{r) 

■yeSpec{A) 

and we suppose again cri(l) = 0. From the equation {dj. + A/r)aJ = r^'^ drij'^ cri) 
and the Cauchy-Schwarz inequality, it follows that 



kM(^)rL.(E) < 



< 



1 a2 



r'< ■ {dr + -A)al{r) 
r 



L2(S) 



dr 



< I r'^'^dr ■ 



7, 



d.W,) + H^J) 



L2(E) 



dr. 



Thus, if the quadratic form is bounded, there exists a constant C > such that 



CTV e 



Il2(s) 



1 - e^T+i 

< <^ 27 + 1 

Cel log el 



if7 7^-i 

if7 = -i 



:i8) 



This gives 



Lemma 6. Let Uj be the spectral projector of the operator A relative to the interval 
I. There exist constants a, C > such that, for any ?7i G N 

||n(_i,o) O t/(v3l,m(£m))||Hi/2(S) < Ce'^. 

If < a < |, then (—a) is bigger than any negative eigenvalue of A. With the 
compatibility condition ( TTT]) . the estimate above gives 

Lemma 7. With the same notation, there exist constants /3,C > such that, for 
any m G N 



n[oi)Of/(v92,£„(l) 



l/fl/2(S) 



< GEm. ■ 



Here, (| — (3) is the biggest non-negative eigenvalue of A strictly smaller than | 

(if there is no such eigenvalue, we put (3 = ^). 

1 
Finally, we study al for our family of forms (the parameter e is omitted in the 

notation). It satisfies, for £:„ < r < i, the equation 



-^' + i;:i)^i 



Kal 
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13b 



onM2 



inkerD2 



The solutions of this equation have expression in term of the Bessel functions: there 
exist entire functions F, G with -F(O) = G'(O) = 1 and differential forms c^, d^ in 
Ker(A — |) such that 



Cer^F{\er'^) + de(r ^^(Aer^) + - log(r)r2F(A£r^) ). 



7r 



The fact that the L^-norm is bounded gives that c^ + 1 log e\d1 is bounded and finally, 
reporting this estimate in the expression above, that 

1 



^iI^J|Il2(s) 



o 



e\ loge| 



This gives on the other part 



Lemma 8. There exists a constant C > such that, for any m ^f^ 

l|n|i}Of/(v92,,„)(i)||^,/2(s)<c^^ 



V^Tog 



Sr 



4.2.3. Convergence of (f2,em- Let's now define (p2,s to be the form obtained by pro- 
longation of ip2,e by y/eC,i{er)ipi^i;{er) on the infinite cone Ci^oo- A change of variables 
gives that 

II^2,£||l2(Ci,oc) = UlVl,e\\L-^C,,i) 

while 

[ \D2{^2,e)\' = e' [ |A(6V^1,.P+ / \D2{V2,e)\'- 
J JCe,i J M2 

Thus, by hypothesis on (/?„, the family {}P2,m)men is bounded in the space W and 
/ |-D2('^2,m)P = 0(£^). The works of Carron give us that ||'^2,m(l)||Hi/2(s) is bounded 
and the following 

Proposition 9. There exists a subfamily of the family ('^2,m)meN which converge 
in L^(M2), the limit ^2 defines an extended solution on M2, ie. D2{(p2) = and 
(^2)|sGKer(T)nlm(n>_i). 

We still denote ip2,m the subfamily obtained. 

4.2.4. Convergence near the singularity. Now we use the fact that we deal with 
eigenforms, they satisfy an equation which imposes a local form. We concentate on 
7 G [-1/2,1/2]. If we write 



r l,m 



E f^*^i' 



7G[-i^] 



the terms crj satisfy the equations 



a 



,2 , 7(1+7) 



fTV 



A.a7. 



The solutions of this equation have expression in term of the Bessel functions: there 
exist entire functions F, G with -F(O) = G{0) = 1 and differential forms c^^m, d^^m in 



(19) sigmal/2 
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KeT{A — 7) such that 



(TV r 



C-j/jm' 



^+^F^(A„r2) + d 



'7,m, 



'^^(A. 



if I7I < 1/2 



ci/2,mr2Fi/2(Amr2) + rfi/2,m (^^ aGi/glAmr^) + ^\og{r)r2 Fi/2{\mr^) 
C-i/2,m^^^-i/2(Amr2) + rf_i/2,m(r^ log(r)G'_i/2(A„r2; 



(20) 

The lemmata of the precedent section gives us the result that the families c^^m 
and d^^m are bounded and by extraction we can suppose they converge. In the case 
where 7 = 1/2 we have more : |(ii/2,m| = 0{\ loge^l"^''^)- 

But we know also, turning back to the family of the last proposition, that the 
family ^/e^^l{emr)^Pl^m{£mr) converges on any sector 1 < r < R the explicite form 
of crlir) gives that this limit is 0. As a consequence, the form if 2 has no component 
for 7 G [—1/2, 1/2] and is indeed a L"^ solution. We have proved 

phi2 Proposition 10. The form 1^2 of the proposition has no component for 7 G 
[—1/2, 1/2]. Let ip2 = ^2 [m2) there exists a subfamily of the family {(p2,m}m which 
converges, as m -^ 00 to ip2 and it satisfies 

(P2 G Dome's, ||v52||l2{M2,52) < 1 «^^ ^2(^52) = 0. 
Moreover, the harmonic prolongation of 

minimasizes the norm of D2{f2)-, as a consequence 

||-D2(<^2,m)||L2{A/2) = 0{em) => \\T{^/ei^U(pl^^{em))\\H-^/^iJ:) = 0{em) 
with the operator T defined in (|6]). 

But, by Lemma [5] and |6] we know that ||n<_i/2(t/v?i,e(£^))||_H'i/2(E) = 0{y/e). The 
continuity of T gives hence \\T o n>_i/2 o U{ipi^rn{£m))\\H--^/^T:) = C'(v^m)- To use 
this result as a consequence on n[_i/2,i/2] ° f^(v^i,m(£^m)) we must make sens to the 
possibility of working modulo Im(T). 

Bphil Proposition 11. The space T(Imn>i/2 fl /7^/^(E)) is closed in H~^/'^{Y), as a 
consequence of the works of Carron. Let's define, for a G Imn[_i/2,i/2], -B(cr) as 
the orthonormal projection of T{a) on the orthogonal of this space T(Imn>i/2 H 
i7^'^(E)). Then B is linear and satifies 

\\B{(r)\\ < \\T{a)\\ and B{a) = ^ 3r/ G Imn>i/2 r((T + r/) =0. 

Proof. To prove that T(Imn>i/2 H if^/^(S)) is closed we must recall some facts 
contained in [CaOlbj . Let us recall the operator Tc defined in ([7]). 

Then ImTc = Imn>i/2 is a subspace of KerTc = Imn>_i/2- We know that 
T + Tc is an elliptic operator of order 1 on S which is compact. As a consequence 
Ker(T + Tq) is finite dimensional and (T + Tc)(-ff^/^(S)) is a closed subspace of 
iJ^^/^(S) and T + Tq admits a continuous parametrix Q : iJ^^/^(S) — )■ if^/^(S) 
such that 

Q o (T + Tc) = Id -nL(^+^^) 



sigma-gamma 
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if n^gj.(.y^y N denote the projector, orthonormal for the scalar product of iJ^'^(S)), 
on Ker(T + Tc). We can now prove that T(Imn>i/2 H H^^'^{T,)) is closed. 

Let /„ be a sequence of elements of Imn>i/2ni/^/^(S) such that T{fn) converges, 
and let ip = lim„_>.oo T{fn)- We can suppose that 



/„G (KerTnImn>i/2n/J^/2(5.^ 



We have Imn>i/2 n//^/^(S) C KerTc, it means that (T + Tc)fn = T{fn) converges 
and gn = Q o {T + Tc)fn converges, let g = lim„_,oo gn- Thus 

fn = gn + e„, gn € (Ker(T + Tc))^, g = lim gn, e„ G Ker(T + Tc). 

n~^oo 

The sequence e„ must be bounded, unless we can extract a subsequence ||e„|| — )■ 

00, so it is true also for ||/„|| and by extraction we can suppose that the bounded 
sequence en/||/„|| converges, because it leaves in a finite dimensional space. Let e' 
be this hmit, then e' = hm/„/||/„|| also and e' G Imn>i/2 fl H^/'^(T). 

Finally e' satisfies 

||e'|| = 1, e' G Ker(T + Tc) as e„, e' G Ker Tc as /„ ^ T{e) = 0. 

Thus, e' = hm /„/!!/„ II G Imn>i/2 H iJ^/^(S) fl KerT but, by hypothesis on /„, e' 
must be orthonormeal to this space! There is a contradiction. 

So, e„ is a bounded sequence in a finite dimensional space, by extraction we can 
suppose that it converges, then /„ admits a convergent subsequence, let / denote 
its limit, 

/ G Imn>i/2 n H^^^i:) and iP = T{f). 

D 
By application of this proposition we have 

\\B O n[_i/2,l/2] O f/(v5l,m(£m))||H-i/2(S) = ^(v^^). 

This is the sum of few terms. We remark that the term with Cj^m is in fact always 
0{y/e^). For the same reason we can freeze the function G at 0, where its value is 

1. So we can say 

1 ^-^ _i 

\\e^\og{e„,)B{d^i/2,m) + 2^ e;^'^B{d^^„,) + e„,^B{di/2,„,)\\ = 0{y^J. (21) [^18 

|7l<l/2 

We have to gather the terms concerning the same eigenvalue and still denote d^^m 
the sum of all the terms with the same eigenvalue. Let —1/2 < 7p < • • ■ < 7o < 1/2 
be the eigenvalues of A in [—1/2, 1/2] and d^ the limit of d^^m, respectively the limit 
of I loge™|^/2di/2,m for 7 = 1/2. 

If this limit is not 0, we denote a^ = d^/\\d^\\. Then we can conclude, beginning 
by the right that, in the case where 70 = 1/2, 



5(^1/2) ^ ^ rfi/2,„ = I logSml'^hli'^-^^d^^l. 



/2,m 
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and by extraction we can suppose that diL^ converge to d\L-., idem if d\L ^ let 

1/2 ""1/2/ ll"'l/2 



a\L = (iLy IMi/2 II- Reporting this result in (l2Ti) we find by the same processus that 



B{d,,,^ + I \ogem\^/''d^^]^J = 0(£^^-^^), so 



12) T ^ ^ "'l/2,m 

and we can write d[L^ = | log£:m|~^''^'^i/2m with d[2^ converging. Then by ex- 



S(<))^0^</. =0(|loge„|-V2) 



traction we can suppose that d^-^^m + d\,^^ is convergent, and idem if we denote, in 



1/2, 
,m 

the case where the limit is not 0, by a\\' the normed limit, then 

71 / / ^ ^ "7l,"i ^ "l/2,m 



l/2.r 
.(1) 



i?(a«) ^ ^ rf,„^ + rfS*;') = 0(5^-^^) 



We continue step by step 

5(cr(f ) ^ ^ VO < fc < J c?,,,^ = el^-^^^'d% . . . 
It means that there exist elements a^ G Ker(y4 — 7), I7I < 1/2 such that 
3r]-y e Imn>^, T{a-y + r]-y) = and if 11(^,1/2] (r^^) = ^^7^ 

M>7 
^ n(_i/2,l/2] O U{ipi^rnir)) ~ 

E ^""(^7+^r^^;i)+^-'/'(iiog^".r'/'^i/2+ E ^^^'''^D- (22) 1 asymptot 

-^<M<7<| -i<M<^ 

Here the term e"'^ has to be replaced by Em log^m in the case where fj, = —1/2. We 
have proved in particular 



philW Proposition 12. One can write n(_i/2,i/2] °U{^i(pi^rn) = cri.m + o"o,m wUh t/*o"o,m G 
Dom(Z}i^min) bounded and ai^m = o"i,,n + o"i% satisfies that there exists a subfamily 
of o^^ which converges, as m ^- oo to N^ r~"'a^ with 



7e{-i,i) 



7e(-ii) 



while 



_i 1 _i_ _ 1 
(Ti^^ ~ — r 2(71 for some en G Kerf A ). 

V|log&m| ' ' ^ 

r/itts, (yle^ concentrate on the singularity . 

Indeed, we can, at each step, decompose d^^m on a part in Ker(i? o f/*) and a part 
which appears on a smaller behaviour in Sm- 
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tildl 



4.2.5. Conclusions on the side o/Mi. We now decompose (pi^m near the singularity 
as follows: Let 

f <-- (-- -1 >-" 

according to the decomposition, on the cone, of o"i along the eigenvalues of A re- 
spectively less than — |, in ( — |, |] and larger than |. 

We first remark that the expression and the convergence of ^9^ ^'^ is given by the 
preceding proposition [T2l 

Now (Pim ^nd ipi^m = (,iPem(J^>i/2 ° f^(v'2,£m (1)) have the same boundary value. 
But, by propositions |9] and [TO] 

lim Uip2eM) = Uip2il) e Im(n>i) for the norm of i7^/2(S). 

So, ^i^ — ^i,m can be viewed in H^{Mi{0)) by a prolongation by and 

Proposition 13. By uniform continuity of Ps^, and the convergence property just 
recalled 

lim 11^1,,^ - ^lPe,AU{^2 hmLHAh) = 0. 
m— >oo 

On the other hand, ^iP^^{U{(p2 fs)) converges weakly to on the open manifold 
Mi(0), more precisely, for any fixed tj, < tj < 1 



lim UiPejU{^2hmLHM,M) = 0. 



We remark finally that the boundary value of (^-^ ^^ is small. We introduce for 
this term the cut-off function taken in |ACP09j : 



^s^ir) 



log(v/^. 




log 



2e, 



if 2^^;^ < r, 

if 2em <r < l^fe;;,, 

if r < 26:™. 



Proposition 14. lim 






LHMugi) 



0. 



This is a consequence of the estimates of Lemmas [5] and El we remark that by the 
same argument, we obtain also W^i^ieJ ('^)||l2(s) < C^/r so 



a-^ej^m 



<'\ 



L^iMi) 



OiSm-^). 



psil Proposition 15. The forms 



^l,em = (1 - 6)</'l,£™ + UlVll'^ - i'he.Jl + isM^te!^'^ + ^lf^*<7 



belong to Dom(Di^inin) and define a hounded family. 
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Proof. We will show that each term is bounded. For the last one, it is a consequence 
of proposition [121 For the first one, it is already done in Lemma HI For the second 
one, we remark that 



fe. 



A 



^l,£ 



ei(5. + j)iUV^lL) + 9r{^^)U {vlL - PsJIl>l/2^2,eJl)) 



(23) feps 



is uniformly bounded in L^(Mi), because of fITBl) . This estimate (ITB]) shows also that 

the L2-norm of (v^il^ — V^i,e™) is bounded. 

For the third one, we use the estimate due to the expression of the quadratic form. 
Expriming that f^ \Di{^iip-~2)\'^dfi is bounded by A gives that 

2 



CTT 



L2(E) 



< Arl logrl 



(24) 



by the same argument as in Lemmas [5] and [61 Now 



Dii^sM^u 



< 



L^(Mi) 



^SrnDli^lVl,. 



L^(Mi) 



+ 






L^Mi) 



< 



Dii^iVi 



<--, 



L^Mi) 



+ 



\d^ej ■6</'l,, 



<-, 



i2(Mi) 



the first term is bounded and, with |v4| > | for this term, and the estimate (!24ll . we 
have 



M^£„.l6<^i. 



<-i 



< 



4A 



L2{Mi) log e^ 



r - 2 



This completes the proof. D 

In fact, the decomposition used here is almost orthogonal: 
14 Lemma 16. There exists (3 > such that 

Proof of Lemma\T^ — If we decompose the terms under the eigenspaces of A, we 
see that only the eigenvalues in (|,+oo) are involved and, with /^^^ = Yli'^,>^ P 

and U{ipi^l^ — ipi^e^) = X]7>i V'o; the equation ([23]) and the fact that (v^ij^ — 
-4^1,6 J{£m) = give 

/•r 

<^oW =r~^ / P^ Pip) dp. 



Then for each eigenvalue 7 > | of A 



r 27 / p^{a^J^{p))^2(^^)dp 






^-— y ■ r^ ■ (d^, /^(r))i2(s) 



dr 



£^7-1/2 /•! 



val- 
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Thus, if 7 > |, we have the majoration 

_i [^ r-'^+i 



7- 



+ 






(27 - 1)^27 + 

-27+3 



iik7iU2(2) ■ iinu2(c,„,i) 



^-^ /^ "7^ II II '-'TTi II /"7II 






™ II II II -f7ll 

(27-1)V27 + tI'^^I'^^(^)'"^ IU^(c.„,0, 



while, for 7 = I the first term is 0{em\/\ logeml) and for | < 7 < |, it is 0(em''' O- 
In short, we have 

if /3 > satisfies 7 > /3 + | for all eigenvalue 7 of A in (|, +00). This estimate gives 
the lemma. 

cone I Corollary 17. There exists from ipi^sm '^^im'^ ^ subfamily which converges in L"^ 
to a form (fi G Dom.{Diw) which satisfies on the open manifold Mi(0) the equation 
A(fi = X(fi. Moreover, 

i^iii2 



</'i|Il2(Mi(0)) + ll<^2||^2(M2) + 1'^' "^'(S) " ■^' "^^^^ I decompose 



where ip2 is the prolongation of ip2 by P2(v^2 fs) on M2, and a^ given by the propo- 
sition [ 



(-- -) 
Proof. Indeed, the family {V'l.e^ + v^i ^^ }m is bounded in DomDimax, one can then 

extract a subfamily which converges in L^(Mi) but we know that ipi^sm converges to 

in any Mi (77), the conclusion follows. We obtain also, with the help of Lemma 

that 

1 /ll l|2 I 11 ||2 \ 

^-\\Wi\\L2{Ah(o)) + IIV^2||l2(M2); 

m^oo ^ " a/I log r ' 2 '■'-'-' 



2 
-ml 



We remark that, by Corollary IT3l ip2 = ^ implies lim ||'?/^i,e„||L2(Afi) = 0. 

m— >oo 

In fact, one has by (ITB]1 



lim ||^M^|U2(Mi) = ||^2(f/<^2 tE)||i2(M2)- (26) p2phi2 

Finally, one has 

hm U^U*i J: r-h.)\\L2^M.^) = ||a^|U2(s). (27) 

— ^- Vlloge^l 2 ^ -^ 

D 
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4.3. Lower bound, the end. Let us now {ipi{e), . . . ,ipN{e)} be an orthonormal 
family of eigenforms of the Hodge-de Rham operator, associated to the eigenvalues 
Xi{e), . . . , Xn{£)- We can make the same procedure of extraction for the all family. 
This gives, in the limit domain, a family {{p-[,ip2,W{)i<j<iy. We already know by 

2 

Corollary [TTl that each element has norm 1, if we show that they are orthogonal, we 
are done, by applying the min-max formula to the limit problem flT3|l . 

Lemma 18. The limit family is orthonorm,al in T-Lcxi- 

Proof. If we follow the procedure for one indice, up to terms converging to zero, we 
had decomposed the eigenforms ^j{s) on Mi on three terms 

^ = u* ( ^ ^ r-h{ 

^Vllogel 2 

Let a 7^ 6 be two indices. If we apply Lemma [16] to any linear combination of ^Pai^) 
and v^fe(e), we obtain that 

Jim {($,^^, ^IjL^M.ie^)) + (C' ^DlHMAs,.))} = 0. 

If we apply fl2^ . we obtain 

lim {($%,„, $\^)L-(Af„J + i^le^^ie) LHM2)] = {^\.'^S) lHW,)- 

Then finally, from (y9a(£:), y9fe(£:)) = 0, we conclude that 

(<^l,<^?)L2(Mr) + (<^2, <^2)l2(M^) + (^i,^i)L2(S) = 0. 

D 
limit Proposition 19. The multiplicity of in the limit spectrum is given by the sum 

dimKer Ai VK + dimKerD2 + ^i, 
where ii denotes the dimension of the vector space Xi, see ^, of extented solu- 
tions u on M2 introduced by Carron |Ca01a] . corresponding to a boundary term on 
restriction to r = 1 with non-trivial component in Ker(A — 1/2). 

// the limit value A 7^ 0, then it belongs to the positive spectrum of the Hodge-de 
Rham operator Ai^w on Mi, with the space W defined in ^. 

Proof. The last process, with in particular (12^ and (TT7|) . constructs in fact an 
element in the limit Hilbert space 

-Hoc ■■= L^(Mi) © Ker 52 © Xi 

and this process is clearly isometric in the sense that if we have an orthonormal 
family {^k,£m}i {^ ^ k < n), we obtain at the limit an orthonormal family, if "Hoo 
is defined as an orthonormal space of the Hilbert spaces. And if we begin with 
eigenforms of A^^, we obtain at the limit eigenforms of Ai^w © {0} © {0}. The last 
calculus implies that liminf AAr(£:m) > Xjy. D 
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Remark 20. In order to understand this result, it is important to remember when 
occures the eigenvalue \ in the spectrum of A. By the expression (j4]), we find that 
it occures exactly 

• for n even, if | is an eigenvalue of the Hodge-de Rham operator A^ acting 
on the coexact forms of degree ^ or ^ — 1 of the submanifold S. 

• for n odd, ifO is an eigenvalue o/ As for the ^^, ^^ forms, but also if 1 is 
eigenvalue of the coexact forms of degree -^^ on S. 

A dilation of the metric on S permits to avoid positive eigenvalues, but if harmonic 
forms of degree ^^ or ^^ create half-bounded states, then small eigenvalues will 
always appear. 

5. Harmonic forms and small eigenvalues. 

It would be interesting to know how many small (but not zero) eigenvalues appear. 
For this purpose, we can use the topological meaning of harmonic forms. 

5.1. Cohomology groups. The topology of M^ is independant of e 7^ and can 
be apprehended by the Mayer- Vietoris exact sequence: 



■ -^ H'\M,) ^ H'P{Mi{e)) © HP{M2) ^ i^^(S) "4 HP+\M, 



-)■ ■ 



As already mentionned, the space KerD2 © 2Ji can be sent in H*{M2). More 
precisely, Hausel, Hunsicker and Mazzeo in |HHM04j . Theorem l.A, p. 490, have 
proved that the space of the L^-harmonic forms 'H^2{M2) on M2 is given by: 



i/'=(M2,S) 

n'i2iM2) ^ { im (h'^{M2,i:) -^ H 

H\M2) 



n + l 
2 



(M2 



n+l 
2 •■ 

if A; = ^, 



if A; < ^, 



(2J 



if A; > ^. 



We note that the space of L^-harmonic forms is equal to that of L^-harmonic fields, 
or the Hodge cohomology group, since M2 is complete. 

For Ml we can use the results of Cheeger. Following |Ch80] and |Ch83] , we know 
that the intersection cohomology groups of Mi coincide with Ker(L'i^inax o -Di,min), 
if H^{T?) = 0. And we know also that 



L2-cohomology 



IHP{Mi 



H\Mi{e)) ifp<f. 



(29) 



These results can be used for our study only if -Di,max and -Di^min coincide. This 
occurs if and only if A has no eigenvalues in the interval (— |, |)- As a consequence 
of the expression of the eigenvalues of A, recalled in 
if 



this is the case if and only 



for n odd, the operator As has no eigenvalues in (0, 1) on coexact 

forms, 

for n even, the operator As has no eigenvalues in (0, |) on | or (^ 

coexact forms and H^iY?) = 0. 
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Thus, «/ -Di,max = -Di,min, which impUes if 2(S) = in the case where n is even, 
then the map 

H'^iM,) '^ H^{Mi{e)) © H^{M2) 

is surjective and then any small eigenvalue in this degree must come from an element 
o/Ker'D2 ©Xi sent to in H^{M2). In this case also the map 

if t+i(M,) '^ ii5+i(Mi(£)) © H^+\M2) 
is injective, so there may exist small eigenvalues in this degree. 

5.2. Some examples. We exhibit a general procedure to construct new examples 
as follows: Let Wi, i = 1,2, be two compact Riemannian manifolds with boundary 
Sj and dimension (nj + 1) such that ni + n2 = n > 2. We can apply our result to 
Ml := Wi X ZI2 and M2 := Si x W2- The manifold M^ is always diffeomorphic to 
M = Ml U M2. 

For instance, let V2 be the volume form of (S2,/i2)- It defines a harmonic form 
on Ml and this form will appear for the limit spectrum if, transplanted on Mi, it 
defines an element of the domain of the operator Ai^^y- 

In the writting introduced in Section 12.21 this element corresponds to /3 = and 
a = r 2~"-2^2 and the expression of A gives that 



/l(/3,«)=(n2-^)(/3,a). 



2. 

If I — 722 > 0, then (/3, a) is in the domain of i5i,max o -Di,min and if 71,2 = f, it is in 
the domain of Ai v(/ for the eigenvalue of A. 

So, if we know that H"-^{M) = 0, or more generally that dimii'"2(M) < dimii'"'2(S2) 
in the case where S2 is not connected, this element will create a small eigenvalue on 
Mj. This is the case, if D^ denotes the unit ball in M'^, for 

Wi = L>"^+^ and W2 = £'"'+^ for ^2 < ni. 

Then, M = §"i+"2+i and we obtain 

Corollary 21. For any degree k and any e > 0, there exists a metric on S™ such 
that the Hodge-de Rham operator acting on k-forms admits an eigenvalue smaller 
than e. We can see that, for k < '^, it is in the spectrum of coexact forms, and by 
duality, for ky"^ in the spectrum of exact k-forms. 

Indeed, the case fc < y is a direct application, as explained above. We see that 
our pseudomode is coclosed. Thus, in the case when m is even, if uj is an eigenform 
of degree (y — 1) with small eigenvalue, then du is a closed eigenform with the same 
eigenvalue and degree y. Finally, the case fc > y is obtained by the Hodge duality. 
We remark that, in the case A; = we recover Cheeger's dumbbell, and also that this 
result has been proved by Guerini in |G04] with another deformation, although he 
did not give the convergence of the spectrum. 

By the surgery of the previous case, we obtain, for 

Wi := §"1 X [0, 1] and 1^2 := ^"'"^^ for < 122 < ^i, and n = ^i + 722 > 2 
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Sha-Yang[91] 



that Si = §"1 U§"i, S2 = S"^ and M = §"1 x §"2+i_ xhe volume form V2 G //"^(Sa) 
defines again a harmonic form on Mi and, since if"2(S"i x S'^^+i) = Q, if ^2 < ni, 
then ^2 defines a small eigenvalue on the ria-forms of M^. 
Thus, by duality, we obtain 

Corollary 22. For any k,l > with < k — 1 < I and any e > 0, there exists a 
metric on S' x S'^ such that the Hodge-de Rham operator acting on {k — l)-forms 
and on (/ + 1) -forms admits an eigenvalue smaller than e. 

This corollary is also a consequence of the previous one: we know that there 
exists a metric on S^ whose Hodge-de Rham operator admits a small eigenvalue on 
[k — l)-forms, this property is maintained on S^ x S'^"'"^. 

With the same construction, we can exchange the roles of Mi and M2: the two 
volume forms of S"^ U §"1 create one rii-form with small but non-zero eigenvalue on 



gni X gn2+l^ jf ^^ < 



,n2 



1). By duality, we obtain an (n2 + l)-form with small 



eigenvalue. So, with new notations, we have obtained 

Corollary 23. For any k < I with k + I > 3 and any e > 0, there exists a metric 
on §' X E>^ such that the Hodge-de Rham operator acting on l-forms and on k-forms 
admits a positive eigenvalue smaller than e. 

More generally, by repeating the (/;;— l)-dimensional surgery by L-times, we obtain 
the following: 

Proposition 24 ( |SY91] ). The connected sum of the L-copies of the product spheres 

L 

tl (§ X § ) can he decomposed as follows: 



jfc-i 



(§'+MlDr))U(^^xII§[ 



=0 / a \ i=o 

Remark 25. J-P. Sha and D-G. Yang [SY91J constructed a Riemannian metric of 
positive Ricci curvature on this manifold. More generally, see also Wraith [Wr07j . 



As similar way using Proposition |2 



we can obtain the small positive eigenvalues 

L 



on the connected sum of the L-copies of the product spheres jl ( S'"' x S' 

i=i V 

All these examples use the spectrum of Mi. We can obtain also examples using 
the L^-cohomology group of M2, which is given by ( 128|) (Hausel, Hunsicker and 
Mazzeo |HHM04j l 

Suppose now that n = dim E is odd. Then, we have the long exact sequence 

> H^{M2, S) -^ H^{M2) -^ H^J:) -^ H^+\M2, S) -^ . . . . 

For k = ^^, the space iJ^(M2, S) is isomorphic to the L^-cohomology group of M2. 

n — 1 

If H^2~ (S) is non-trivial, then any non-trivial harmonic fc-form on S will create an 
extended solution, corresponding to an eigenvector of A with eigenvalue |. 

For example, take S = S^ x §'^+^ for k = ^^, then if '^(S) is non-trivial. Any non- 
trivial form u G H^{T?) sent to G H''^^{M2, S) comes from an element Co G H^{M2) 
which is not in the L^-cohomology group of M2 by fl28|) . 
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